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1. Introduction. 

Let A' C C be a compact set with connected complement. The Hilhert lemniscate 
theorem in one variable says that for such sets, given any e > 0, there exists a 
polynomial p with 

(1) KdJCp-.^iz: \p{z)\ < WpWk := sup \p{z)\} C {z : dist(z,X) < e}. 

zeK 

The set /Cp is called a lemniscate. In general, given e > 0, one can take p to be a 
Fekete polynomial of sufficiently large degree. A Fekete polynomial of degree n for 
ii' is a monic polynomial Fn(z) = IljLiC-^ ~ with a„j S K chosen so that 

n n 

TT \anj - a„fc| = max TT \zj - Zk\. 

j<k j<k 

The condition that K have connected complement is equivalent to the polynomial 
convexity of K: this means that K — K where 

;= {z e C : \p{z)\ < \\p\\k ■— sup |p(C)| for all polynomials p}. 

(Here and in the entire paper "polynomial" means holomorphic polynomial). We 
call K regular if the extremal function 

(2) Vk{z) := max[0, sup{— — log|p(z)| : p polynomial, degp > 1, \\p\\k < 1}] 

degp 

is continuous on C. For the lemniscate JCp in (Q, 

V^{z) = max[--^\og[\p{z)\/\\p\\K],0]. 
degp 

If K is regular, in choosing, e.g., a sequence of Fekete polynomials the func- 

tions 

(3) -log[\F^{z)\/\\F^\\K]~^VKiz) 

n 

locally uniformly outside of K. We also have the normalized counting measure of 
the zeros 

1 " 1 

(4) /x„ := - ^ Sa^, tt^Vk 
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weak-* as measures. Here, AVk, the Laplacian of Vk, is to be interpreted as a 
positive distribution, i.e., a positive measure. Another example of a sequence of 
polynomials for which Q and Q hold is gotten by taking the interval K = [—1,1] 
and the classical Chebyshev polynomials {T„}. Here Tn{x) = cos n(arccosa:) for 
a; e M; Vk{z) — log \ z + \/ ~ 1\ and the normalized counting measure of the zeros 
approximate the arcsine distribution ^'^'^^j = AVk- 

In several complex variables, given a compact set K C C^, > 1, we can define 
the extremal function Vk as in (0) where p{z) = p{zi, zn) is a polynomial of the 
complex variables zi, z^r. The definitions of regularity and polynomial convexity 
are defined as in the one-variable case; however this latter definition is no longer 
equivalent to the complement of K being connected. It follows from the definition 
of Vk and K that Vk = V^ and that K — {z : Vk{z) — 0} so that an assumption 
of polynomial convexity is a natural one. In this paper, we will prove a version of 
Hubert's Icmniscate theorem in C^, including a convergence of measures result in 
the spirit of Q). 

To motivate this result, we note that in several complex variables, sublevel sets 
{z : \p{z)\ < M} for a polynomial p are unbounded; in general, one needs at 
least N polynomials pi, ...,pn to have hopes of a sublevel set {z £ : \pi{z)\ < 
Ml, |pAr(z)| < Mat} being compact. Moreover, the topology of such sublevel sets 
can be complicated. A polynomial polyhedron is a set P which is the closure of the 
union of a finite number of connected components of 

V:={zeC^ ■.\pi{z)\<l,...,\p^{z)\<l} 

where pi, are polynomials. It is an easy exercise to see that given any poly- 

nomially convex compact set K C C^, and any open neighborhood 51 of K, there 
exists a set of the form V with K C V C ft (cf. IHlp . What is not at all obvious is 
a deep result of Bishop |Bi| : there exists a special polynomial polyhedron P with 
the same property. We call a polynomial polyhedron P C special if it can be 
defined by exactly N polynomials. We emphasize that not all components of V 
need be included in P. It is known (cf. Theorem 5.3.1) that if the set 

P:={zeC^:bi(z)|<l,...,bAr(z)|<l}, 

consisting of the union of all components of a special polynomial polyhedron defined 
by pi, ...jPn with degpi = ...degpAr —: n is compact, and if {pi, ...jPn) ■ ^ 
is proper, then we have 

Vv{z) = max [-log\pi{z)\, log \pN {z)\,0]. 
n n 

Thus, it will be helpful to know when a compact set K can be approximated not 
just by a special polynomial polyhedron P, but by the full component set V of 
such an object. It turns out that if we work in with variables {z,w) and we 
assume, in addition to K = K, that C is circled; i.e., z G K if and only if 
e'*z e AT, then such an approximation is possible. Moreover, in this case, utilizing 
one-variable techniques, we can construct Bishop-type approximants which satisfy 
an analogue of ^ and I^J. 

Theorem 1.1. Let K C 6e a regular, circled, polynomially convex compact 
set. Then there exists a sequence of pairs of homogeneous polynomials {Pn,Qn}, 
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degPn =degQn ~ n with no common linear factors such that 

Un{z, w) := max[- log |-P„(z, w)\, - log |Q„(z, w)\,0] 
n n 

uniformly approximates Vk on C^; 

Un{z, w) n\ax[- log |P„(z, w) ~ 1|, - log |Q„(z, w) ~ 1|] 
n n 

locally uniformly approximates Vk on C'^ \ dK ; and 

[dd^iinf {dd^VKf 

weak- * as measures in . Moreover, if K is the closure of a strictly pseudoconvex 
domain (e.g., a ball), then 

{dd^Unf ^ (dd^Yxf. 

Here, for certain plurisubharmonic (psh) functions u in C^, the complex Monge- 
Ampere measure {dd'^u)^ associated to u is well-defined. We discuss this issue in 
section 4. In particular, for regular compact sets if C C^, (dd'^FR-)^ plays a role 
analogous to AVk in one variable. In Theorem 1.1, 

• the function m„ is the extremal function for the set 

(5) /C„ := {{z,w) e : \Pn{z,w)\ < 1, \Qn{z,w)\ < 1}; 

• the Monge- Ampere measure {dd'^Unf' is supported on the finite point set 
(see section 4) 

(6) Kn := {{z,w) : P„(z,w) = Qn{z,w) = 1}; 

• the measures {{dd'^Un)^}n=i,..., {(rfc?'^C^n)^}ri=i,... are supported in a fixed 
compact set in C^. 

The distinction between the sequences {un} and {?/„} can easily be seen even in 
one variable: take K = 13 := {t G C : \t\ < 1}, the closed unit disk. Then 
Vjj(i) = max [log 0] and, taking Pn{t) = t", we have 

Vn{t) := max[ilog|p„(i)|,0] = Vnit) 
n 

while 

Vn{t) - log \pn{t) - 1| = - log \e - 1| 

n n 

converges locally uniformly toVDinC\{|i| = 1} but we clearly do not have 
Vn ^ Vo pointwise, or even "in capacity" (cf., St.) on the circle = 1}. However, 
we do have — *■ Vij in Lj^^(C). Thus, we can utilize elementary distribution 
theory to conclude that the normalized counting measure of the zeros of these 
Fekete polynomials Pnit) converge weak-* to AVo. Of course, in this example, the 
convergence of these measures is trivial (and, as mentioned earlier, always holds for 
Fekete polynomials). We discuss the analogous example of the unit bidisk in in 
section 4. 

We prove the first part of Theorem 1 . 1 by reducing it to a one- variable approx- 
imation problem in section 2. Given a measure /i in C with /x(C) = 1 consider its 
logarithmic potential 



(7) 



vit)^ I \og\i-imo. 

Jc ^ 
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We assume that 

(8) lim [V{t) - log \t\] exists, 

|t|^oo 

(9) / \log\t\\d^iit) < oo, 

Jc 

and that V(t) is continuous in C. Under these assumptions, we will prove the 
following theorem, which is of interest in its own right, in section 3; 

Theorem 1.2. Given V satisfying (7), (8) and (9), for each e > there exist a 
number N and polynomials p{t) and q{t) of degree N such that 

(10) |T/(t)-^max{log|p(t)|,log|g(t)|}| <e, i G C. 

The construction is based on techniques developed in |LMj . There the authors 
construct an L^— approximant to an arbitrary subharmonic function u in C of the 
form log I/I with a (single) entire function /. The proof utilizes a clever partition 
of C related to the measure p and its support, due to Yulmukhametov 0. The 
precise version of the result that we use in section 2 is labeled Lemma A. We remark 
that the genesis of Theorem 1.2 occurred during an Oberwolfach meeting attended 
by the second and third authors in February 2004. 

In the final section of the paper, we turn to the proof of Monge- Ampere conver- 
gence, the second part of Theorem 1.1. For the sequence {«„} this convergence is 
automatic; but for the sequence {Un\, which is not locally bounded, a non-trivial 
argument is required. This is given as Theorem 4.1. We would like to thank Urban 
Cegrell for pointing out an error in our proof of this result in a previous version. 

We remark that from Bishop's theorem one can construct sequences of psh func- 
tions with the same properties as the sequence {Un} in Theorem 1.1 for general 
regular, polynomially convex compact sets X C C which are not necessarily cir- 
cled. However, this work of Bishop is technically complicated and the construction 
may not yield psh functions which are the maximum of exactly N functions of the 
form clog \p\ where p is a polynomial. Our methods in constructing the polynomials 
in Theorem 1.1 are purely one- variable in nature and provide, via the sets {Kn\ in 
(ini, discrete approximations to the Monge- Ampere measure {dd'^VKY' ■ 

2. Reduction to one-variable. 

For iV = 1,2, let 

L(C^) := {u psh in : u{z) < log+ |z| + C} 

denote the class of psh functions of logarithmic growth on where the constant 
C can depend on u. For example, given a polynomial p, u{z) := ^j^log|p(z)| G 
L(C^). We also consider the class 

L+(C^) {u e L(C^) : log+ |z| + Ci < u{z) < log+ \z\ + C2, some Ci, C2}. 

Note functions in this class are locally bounded. 
For a bounded Borel set E in C''^ , one can define 

(11) Vsiz) := sup{u(z) : u G i(C^), m < on E}. 
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The uppersemicontinuous (use) regularization V^{z) :~ limsup^^^ ^e{C,) is called 
the global extremal function of E] either = +00 - this occurs precisely when E 
is pluripolar, i.e., E d {u — —00} for some u ^ —00 psh on a neighborhood of ii^ - 
or else G L+(C^). It is well-known that if i? is a compact set in C^, then Ve 
defined in coincides with Ve in formula (1) (cf., |K| Theorem 5.1.7) and hence 
Ve is lowersemicontinuous. Thus for compact sets E, E is regular if and only if 
Ve = V^. 

As well as the classes L(C^) and L+(C^), we will consider the class 

H{C^) {u £ L(C^) : u{Xz) = u(z) + log |A| for A G C, z£ C^} 

of logarithmically homogeneous psh functions. 

Given u : M in L(C^) wc define the Robin function of u to be 

Pu{z) :— limsup [u{Xz) ~ log |A|] . 

|A|^oo 

Note that for A G C, /0„(Az) — log|A| + Pu{z); i.e., pu is logarithmically homoge- 
neous. It is known ( Bl , Proposition 2.1) that for u E L(C^), the Robin function 
Pu{z) is plurisubharmonic in C^; indeed, either p„ G H{C'^) or p„ = —00. As an 
example, if p is a polynomial of degree d so that u{z) := i log \p{z)\ G L(C^), then 
Pu{z) = ^log|p(z)| where p is the top degree (d) homogeneous part of p. For a 
compact set K, we denote by px the Robin function of V^; i.e., pk ■— Pv*^- 

Suppose now that K is circled] i.e., z G if if and only if e**z G iC. Then the 
extremal function Vk in (1) can be gotten via 

Vk{z) = max[0,sup{u(z) : u G H{C^), u < on K}] 

= maxfO, sup{- log \p{z)\ : p homogeneous polynomial, \\p\\k < 1}] 

degp 

(EIj Theorem 5.1.6). Moreover, we have the following. 

Lemma 2.1. Let K C he compact, circled, and nonpluripolar. Then 

(12) F^(z) = max[0,pK(z)] 
and 

(13) supp(dd^Vl)^ C {pK = 0}. 

Proof. Equation (|12|) follows from the above equation for Vk, which shows that 
y^(Az) = y^(z)-f-log |A| providedz, Az ^ K, and the definition of pi^: if y^(z) > 0, 
then 

Pk{z) := limsup[y^(Az) - log|A|] 

|A|->oo 

= limsup[F;^(z) + log |A| - log |A|] = y^(z). 

|A|^oo 

We have px G H{C^) and pk{z) = F^(z) if V^{z) > 0; since the set {z G : 
Pk{z) < 0} differs from K = {z & : Vft-(z) = 0} by at most a pluripolar set, ifT^ 
follows (cf.. Corollary 5.2.5 K ). The Robin function px is locally bounded away 
from the origin which implies, by the logarithmic homogeneity, that (dd'^px)^ = 
on {0} (see section 4 for a discussion of the complex Monge- Ampere operator). 
This gives (113. □ 



6 



T. BLOOM, N. LEVENBERG AND YU. LYUBARSKII 



Let u e L{C) and dfj,{t) ~ j^Au{t)dt/\dt be its Riesz measure. Jensen's formula 
yields that /i(C) J^dfi{t) < 1. If, in addition, u{0) = 0, we have 

u{t)^ [ log|l-^|d/i(C) 

("H", p. 37). In the notation introduced in this section. Theorem 1.2 yields the 
following version of a one- variable approximation result: 

Theorem 2.2. Let u G i^(C) n C(C) with the additional property that 

hm log 

\t\^OQ 

exists. Given e > 0,, there exist polynomials Qn of degree n = n(e) with 

(14) u{t)-e<m&x[-\og\pn{t)l-\og\q„{t)\]<u{t), teC. 

n n 

Note that 114|) implies that Pn and have no common zeros; this will also follow 
from the proof of the theorem. This immediately gives an approximation result for 
the class iJ(C^) of logarithmically homogeneous psh functions in C^. 

Corollary 1. Let U G H{C'^) be logarithmically homogeneous with the additional 
property that u(t) := U{1, t) satisfies the hypotheses of the previous theorem. Given 
e > 0, there exist homogeneous polynomials P„,Q„ of degree n = n(e) with no 
common factors such that 

(15) U{z,w)-e <max\-\og\Pn{z,w)\,-\og\Qn{z,w)\] <U{z,w), (z,w)eC^. 

n n 

Proof If nil) holds, define 

Pn{z,w) := z^pniw/z) and Qn{z,w) := z"-g„(w/z). 

Note that if p„, qn are of degree exactly i.e., if 

Pn{t) = flo + flit H \- a„i" and g„(t) = 6o + H + ^n*" 

with a„6„ ^ 0, then Pn{0,w) — a„w" and Qn{0,w) = hnw". Otherwise, we may 
have P„(0, w) = and/or (3„(0, w) = 0. Then, since U{1, w/z) + log \z\ = 17 (z, w) 
for z 7^ 0, (|14|l implies 

U{z,w) - e < max[- log |P„(z, w)|, - log |(3„(z, w)|] < U{z,w) 
n n 

for z ^ 0. But [/ is subharmonic on z = so 

U (0, w) = limsup U {z, w); 

together with the previous inequalities, this yields 115|l for all {z,w) G C^. □ 

For a regular compact set K C C^, it is known that the Robin function pK is 
continuous on \ {0} (cf., W)- Thus, if iV = 2, (1, t) G L+(C) n C(C) and 

lim [pi^(l,t)-log|t|] = lim pk(1A,1) = Pa'(0,1). 

\t\ — >oo \t\ — >oo 

We can apply the corollary to pK to find homogeneous polynomials P„ , Qn with 

(16) pk(z, w) - e < max[- log|P„(z, w)!, - log |(3„(z, w)|l < Pk{z,w). 
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To prove the first part of Tlieorem 1.1, for a regular circled set K C C'^, using 
l)12|l from Lemma 2.1 and H16(l . we have 

(17) VKiz,w) - € < ma.x[-\og\Pn{z,w)\,-log\Qn{z,w)\,0] <Vk{z,w). 

'-n n 

This gives uniform convergence of 

Un{z,w) := ma.x[-\og\Pn{z,w)\, -\og\Qn{z,w)\,0] -> Vk{z,w) 
n n 

in Theorem 1.1. 

For regular circled sets K C C"^, H13() of Lemma 2.1 implies that 
supp(d(i^VK)^ C {{z,w) : pk{z,w) = 0}. 
We now show using IjKil) and IjlTfl that 

(18) Un{z,w) := max[- log |P„(2;, w) - 1|, - log |(5„(z, w) - 1|] Vk{z,w) 

n n 

locally uniformly on \ {pK ~ 0}. 

To prove (|18|l . we observe from the inequality jA — _B| < 2max[|^|, we have 

(19) Un{z,w) < max[-log|P„(^,u;)|,-log|Q„(^,u;)|,0] + 

n n n 

Now on a compact set E (zC^X {pK < 0}, by lfT7|) . given e > with 2e < inf^; Vk, 
for n > no{e), 

max[|P„(z, w)|, |Q„(z,w)|] > exp [n(y/f (z, w) - e)] on E. 
By choosing no{e) larger, if necessary, we may assume 

exp [n(VK{z, w) — e)] — 1 > exp [n(VK{z, w) — 2e)] on E 

so that 

max[|P„(z,w) - 1|, \Qn,{z,w) - 1|] > exp [n{VK{z,w) - 2e)] on E. 

Together with p7ll and H19|) . this proves local uniform convergence outside of {pK < 
0}. On compact subsets of {pK < 0}, the story is similar due to the logarithmic 
homogeneity of pK, Mog |P„(z, w)|, and ^ log |Q„(z, w)| and ((TB)l : for r > 0, if 
E := {z € K : Pk{z) < — r}, by lfTC|l . given e > with e < r, for n > no(e), 

mSix[\Pn{z,w)\,\Qn{z,w)\] < cxp [-n(r - e)] on P. 

Thus, \Pn{z, w) — 1|, \Qn{z, w) — 1| > 1 — cxp [— n(r — e)] on E. We conclude that 

maxr-log|P„(z,w) - l|,-log|(5„(z,w) - 1|] > i log[l - exp [-n(r - e)]] on P. 
n n n 

Hence C/„ — > uniformly on E. 

Note that since we assume that K is polynomially convex and circled, we have 

that 

(20) dK = {{z,w):pK{z,w)^Q}. 

Here is an illustrative example of the reduction scheme: let K = {(z, w) e : 
|z|2 + |u;|2 < 1} be the closed unit ball in C^. Then ^/^(z, u;) = log+ (|zp + |w|2)i/2 
and pk{z,w) = log(|zp + |wp)i/2 go that pK(l,i) = \ log(l + |tp). Note that the 
support of Ap/f (1, t) is all of C, but that 

/ |log|t||ApK(l,t) < 
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Thus, Theorem 2.2 provides a uniform approximation of the strictly subharmonic 
function | log (1 + by a function of the form 

max [- log \pn {t)\,- log \qn{t)\]. 
n n 

To summarize: using the results of this section, in order to compete the proof of 
the first part of Theorem 1.1, it remains to prove the one- variable approximation 
result, Theorem 1.2. 

3. Main approximation result. 

In this section, we prove Theorem 1.2. We work exclusively in the complex plane 
C with variable z. To recall the notation, given a measure in C with /x(C) = 1, 
we consider its logarithmic potential 

(21) V{z)= ( log|l- JidMC). 
We assume 

(22) lim [V{z) - log \z\] exists, 

(23) / \\og\z\\dn{z) < 

Jc 

and that V{z) is continuous in C. 
Claim 1: 

For each e > there exist a number N and polynomials P{z) and Q{z) of degree 
N such that 

(24) \V{z)-^m&x{\og\P{z)\,\og\Q{z)\}\<e, z G C. 
In order to prove this statement we shall prove the following result: 



Claim 2: 

For each e > there exists a number N, polynomials P{z) and Q{z) of degree N, 
and sets E, F c C, E n F = $ such that 

|y(^)-^log|P(0)||<e, zeC\E, 

(25) y(^) + e>liog|P(^)|, zGE, 
and 

\V{z)-^log\Q{z)\\<e, z€C\F, 

(26) v{z)+e>^log\Q{z)\, z e F. 
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3.1. Pattern of the proof. Step 1: It follows from 1)22(1 and also from continuity 
of V that V is uniformly continuous in C. Convolving if need be with an appropriate 
bump function one may assume that ^ has the form 

(27) dii{z) ^ a{z)d(7{z), 

where a is Lebesgue measure and a > is a smooth function in C. It follows from 
that 

a{z) — > as z — !■ oo. 

Define 



(28) 



A :— maxa(z). 

zee 



Step 2: We reduce the problem to the case when /i has compact support. Given 
a number i? > we let Qr denote the square 

Qr. = {z^x + iy; \x\, \y\ < R}. 

Given > we find an integer M and a number R so that 



(29) 



\log\(:\\d^l{C)<v, 



(30) 
and 
(31) 



m(C \ Qr) = 1/M < r?, 



max a(z) < ri. 

\z\>R/3 



Denote the logarithmic potential from the portion of /i outside Qr by 



Finally, set 

(32) 

Note that Too > R/V2. 
Lemma 3.1. Let 

(33) 
Then 



Vooiz) 



— log Too := 



log|l--|d/i(C). 

R ^ 



iog|cMA*(C). 



Woo e C, Iwool = iOt-o 



Vooiz) - — log 



and 
(34) 



— log 



1 - 



Wo 



< Cl T], Z<^ Eni^, 



< Voo (z) + C2 ze E^^ , 



where Ci,C2 are constants independent of Woo o-nd 

= {z : |z - Wool < 2^|woo|}- 
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Remarks 1. It is clear that n Qr = and also that it is possible to chose 
two different points w'^ and w'^ satisfying (p?!^ so that E^'^ n E^'^ — 0- 

2. The values of the constants in this lemma depend upon A. 

3. We use the notation a ^ 6 to mean a < Cb with C a constant independent of 
all parameters except perhaps A and a x 6 to mean a < h and b ^ a. 

Step 3. Define 

V„{z) / loglz-CldA^(C)- 



Given Lemma 3. 1 , it remains to approximate Vg by a function of the form log | P^v (z) | , 
where P/v is a polynomial of degree A'^. In order to construct this approximation 
we need a special partition of Qr. Existence of the desired partitions is ensured 
by a lemma due to R. Yulmuhametov |^. We state this result in a form which 
is adjusted to our situation. Let fi denote the restriction of fi to Qr. We have 
A(*3fl) — i^I ~ 1)/-^- Given an integer k we split Qr into k{M — 1) pieces each of 
measure 1/Mk. 

Lemma A. Given an integer k > 0, there exists a covering of Qr 

QR-ut-,'^''Q^'\ 

and a splitting of fi, 

(fc-l)M 

A== E A^'^ 

1=1 

with the following properties: 

• Each Q^'^ is a rectangle with sides parallel to the coordinate axes such that 
the ratio of longest to shortest side does not exceed 3; 

• each point in Qr belongs to at most four distinct rectangles Q*-'^; 

• supp ^('^ C Q^^^ ; 
• 

Fix such a partition. We look for a polynomial Pk of degree N := k{M — 1) of 
the form 

N 

1=1 

where the choice of the points c Qr is related to the partition. 

Letd(0 := diam(Q(')). We then have Area(g(')) ^ d{lf . In choosing {C(')}J^*^"^\ 
we first observe that, by H27|l and (|28|l . d{l) cannot be too small: 

"^^'^ - 3(MA)i/2 fci/2- 
We split the set of indices into two subsets: 

(36) Ik^{l:l<l<N, d{l) < fcV3__l_J_}^ J,^{1,2,...,N}\ 1^. 
We say that Q^'^ is a normal rectangle if Z e X^. For such rectangles we set 

(37) C=kM[ Cdpi^'HO, 
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the center of mass of /u^'^ in Q^'-*, and then take 

where i5*-'^ are any complex numbers satisfying 
(38) |(5«|<A:^^ 

For I ^ Jk let C^'-* e Q^'-* be any points of Qr with the property that 

The choice of C*^'^ 's is related to the integer k and to the corresponding partition; 
hence we write 

Zk := {C^'^lf , Ek = {z(^ C; dist(z, Zk) < fc"^"}. 
Step 4- We approximate the finite potential Vq. 
Lemma 3.2. For each 77 > one can chose k large enough so that 



\Voiz)-^\og\Pk{z)\\<v, z^Ek; Fo(z) + ry > log 



z G Ek. 



Together with Lemma 13.11 this statement immediately yields Claim 2 since it 
allows us to chose two polynomials of the form 

(1 - z/w'^f[Pk{z) + cr, (1 - z/o^[Q,.(z) + cr 

such that the corresponding exceptional sets are disjoint. 

We now give the proofs of lemmas 13.11 and 13.21 We begin with the atomization 
of the external part of the potential, ^oo; i-e-, we prove Lemma l3.ll 

3.2. Proof of Lemma 3.1. The quantity to be estimated 



D^iz)^Vo^iz) 
admits two representations: 



1 

M 



log 



1 



(39) 

and also 
(40) 



Dooiz) 



log 



1 - -z 



log 



z 

Woo 

z 

Woo 



Doo{z)= / (log|z-C| -log|z-Woo|)dM(C) 



log 10 

" M 



log 



1 + 



Wo 



log 10 
M 



The term ^°ff^ does not exceed 77 log 10 and does not influence our estimates. We 
consider the following cases: 

Case 1: \z\ < R/2. 

In this case it suffices to use the representation H39|l and note that for C ^ Qr, 



log 1/2 < log 
Case 2: R/2 < \z\ < 3\woo\- 



,log 



1 - 



< log 3/2. 
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Note that the set is contained in this annulus. We still use the representa- 
tion H39(l and estimate each summand independently. We have 



log 



z 



+ 

/CeC\Qj,,|CI<4|u.o,| ^|CI>4|u.„„|^ 

We then have 



log 



dfi{C)^Si{z) + S2iz). 

loglCMA'(C) 



CeC\QH,|C|<4|u.„„| 



log\z - C\dfi{0 

'CeC\QR,\c\<M-Wo.\ 

= Sn{z) + Si2. 

Note that 5i2 is independent of z; from (|29|l . |S'i2| ^ rj. In order to estimate £'11(2;) 
we mention that according to (|77|l and 



log \z - C\dfiiO ^ m 

'k-CI<i 

this is used for (|84|l . In the rest of the set {C G C \ Qr, \C\ < 411000 1} we have 

< log|z - CI < lOlogToo. 

Using and (EOJ we have \Sii\^t]. 

When estimating 5*2(2) it suffices to observe that the integrand is bounded and 
then apply l|Hn|) . 



Case 3: \z\ > Slwool- 

We now use ipHjl . We have 



C^Qr:ICI<2|«>oo| "'2|«,„„|<|C|<4|^| 

log 10 



/ ) 

J4\z\<\C\J 



Ti(z) + r2(2) + 7^3(2) + 



log 
log 10 



1 



Z- Wo 



dKO 



M ' ' ^ ' ' ' M 

We have jTil x 1/M since the integrand is bounded. When estimating T2 we 
observe that the integrand is bounded from above throughout the whole region of 
integration thus it suffices to estimate the integral over the region I2 — C| < |2|/5, 
say, in which the integrand is not bounded from below. In this domain we have 

Woo - C 



log 



1 



dm = 

'k-CKkl/5 
log \z - Woo\d^{0- 



log|2-CMA*(C)- 



The estimate of the right hand side is similar to that of 5*1(2). Precisely, to get an 
upper boundon J^^_^^^^^y^log\z - WaoldfiiC), since \z\ > 3|woo| and |2-C| < |2|/5, 
we have I2 - Woo| < 4|2|/3 and 4|z|/5 < |C| < 6|2|/5. Hence 



\z-C\<\z\/5 



log|z - Woo\dfJ,{C) < 



log(4|2|/3)d/i(C) 



< 



\z-C\<\z\/5 



l\z-C\<\z\/5 

log(5|C|/3)dA^(C). 
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From (jSnil and (jSOJ, log(5|C|/3)c;Ai(C)l ^ V- For the other integral, 

\og\z - C\dfiiO ^ V 



/|2-C|<N|/5 

from (|?7|l and lpTT|l . 

The estimate of is also straightforward; we use \z — Wao\ > \woo\ and \(\ > 
12 1 Woo I to obtain 

T3(z) = / log^ 7d^l{Q\<\ log 7771 rrfAi(C) 



-'|C|>4|z| l^-^ool 'J\C\>4\z\ 12|Woo| 

and apply (EOJ, (EU and 

3.3. Proof of Lemma 3.2. We turn to the atomization of the potential Vq. 
We split the proof into several steps. 

a. Write 

D,{z):=V,{z)--\og\Pk{z)\=J2 / (log|z-C|-log|z-C^')|)dA^(')(C)- 
^ ttio^ ^ , 

We will estimate the contributions from ji 's for I £ Ik and Z G J7fc separately. The 
general estimate in b. will be used in c. 

b. Estimation of j/(z): Assume z ^ Q^'^ Then 

ji{z) = ^( (L(C)-i(C(')))dA*«(C) 

with 

L(C) = log(z - C). 

Using the Taylor expansion 

L(C)-L(C«) = L'(C«)(C-C('^)+ r i"(s)(C-s)ds = 



as well as ()37|l and H35|) we obtain 



Mkz-Q^) Jq(i) JcU) [z - sy 
Taking 1)38(1 into account we obtain 

, . M 1 1 1 day 
(41) \jiM< ' 



Mfc6 dist(z, Q«) fcA/ dist(z, Q('))2 ' 

c. Contribution from remote normal rectangles. 
Consider 

(42) I elk with dist(z,Q('') > 3fc"^/^ 

It follows from the definition of normal rectangle in H36|) and / E Ik that 

\s-z\^ /ci/3dist(z,Q(')) 
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for all s € Q*-'-'. Combining this with H41|l . integrating with respect to Lebesgue 
measure a over and recalling that Area((5(')) x d{l)^, we obtain 

Therefore 



lelk; dist(2,Q(0)>3A:-i/2 

fc2/3 /■ d(j(s) 



da{s) 



|s-2|>3fc-i/2Js|<2K |s - z| 

, 112^ fc^^/"^ log fc ^ as fc ^ oo. 

Thus choosing fc large enough we can make the contribution from the remote normal 
rectangles; i.e., those satisfying H42(l . arbitrarily small. 

d. Contribution from normal rectangles which are close to z. 
Set 

Bkiz) {lelk-. dist(z, Q«) < Sfc-i/^}. 
In this section we estimate 

It follows from the construction that the total number of indices in Bk{z) is bounded 
by some constant independent of z and k and also, from the definition of normal 
rectangle, that all the rectangles Q^^\ I G Bk{z) are contained in the disk {|C — < 
Cfc~^/^}, C being independent of z and k. Let C*-™-* be the point nearest to z among 
all {C^'^};eBfc(2)- We then have, using ^ and 

E IJ'WH / |iog|z-ciM^(C) 

+ |log|z-C('")|| / daiO- 

J{|C-z|<Cfe-l/6} 

Assuming now that z ^ (i.e., \z — | > /c^^") we obtain 

E \3i{z)\<k-^'Hogk. 

Clearly if z e i?fc, we get a lower bound: 

E 3i{z)>-Ck-^'^\ogk. 

e. Contribution of non-normal rectangles. 



Define 

Dn(z) := E^'W- 

Let 
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From H36|l . the area of each non-normal rectangle is at least (lOAf A)^^/c^^/'^ and 
the total area they cover does not exceed 16R^ (since the multiplicity of the covering 
is at most 4). Hence we have 

(43) HJfc ^ k^/\ 

Therefore 

MQr) k-^""- 

We first assume that \z\ < 2R. Letting denote the point which is the nearest to 
z among all C*-'', I & Jk, have 



IA.(^)H / \iog\z-c\mo + \^og\z-Cr, 

JQr 

Now by (EH) and (EHl), 

\A,{z)\<aI 

J\C-z\<k-^ 



Qr 



dfliC) = Ai{z) + A2iz). 



log|^-CIMr7(C) 



+ logA: / d/i(C) k-^/^logk. 

Assuming z ^ Ek (i.e., I2: — Cm| > k'^^'^) we have 

|A2(z)Hlogfc/i(Qfl) -< k-^'Hogk. 

Otherwise we get a one-sided bound. These inequalities complete the estimate of 
Dn in the case \z\ < 2R. 
If \z\ > 2R we simply have 





1-^ 


- log 




) 




z 




z 





dm, 



and since the integrands are bounded we obtain 

\Dn{z)\ -< \z\ > 2R. 

This inequality completes our estimates. 

4. Convergence of the Monge- Ampere measures. 



We return to with variables (z,w). We use the notation d — d + d and 
d"^ — i{d — d) where, for a function u, 



du du ^ ^ du du 
ou := -TT-dz + ——dw, ou :— -^dz + — ^ 
oz ow oz ow 



dw 



so that dd"^ — 2idd. For a function 



{dd^uY = 16h-^ „ „_ - -Tr-^^-^\7;dz /\dz/\ -dw A dw 
^ozazawow ozow owoz-' 2 2 

is, up to a positive constant, the determinant of the complex Hessian of u times 

the volume form on C^. Thus if u is also psh, {dd'^uY is a positive measure which 

is absolutely continuous with respect to Lebesgue measure. If u is psh in an open 

set D and locally bounded there, or, more generally, if the unbounded locus of u 

is compactly contained in D, then {dd'^uY is a positive measure in D (cf., |BTlj . 

[Dj). We discuss aspects of this last statement that we need. 
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A psh function u in Z? is an use function u in D which is subharmonic on 
components of DHL for complex afRne hues L. In particular, u is a locally integrable 
function in D such that 

d^u O'^u d'^u 

(44) d<fu ^ 2i \ dz A dz + - — —dw A dw + „ ^_ c?z A rfw + dz A dw] 

ozoz owow ozow ozow 

is a positive (1, 1) current (dual to (1, 1) forms); i.e., a (1, 1) form with distribution 
coefficients. Thus the derivatives in (I44II are to be interpreted in the distribution 
sense. Here, a (1, 1) current T on a domain D in is positive if T A {i(3 A /3) is a 
positive distribution for all (1, 0) forms (3 = adz + bdw with a,b G C^{D) (smooth 
functions having compact support in D). Writing the action of a current T on a 
test form ^ as < T,ip >, this means that 

< T, 0(i/3 A /3) >> for all (j) e C^{D) with > 0. 

For a discussion of currents and the general definition of positivity, we refer the 
reader to Klimek section 3.3. 

Following [HTT] . we now define [dd^v)"^ for a psh u in Z? if w g ^'^^{D) using the 
fact that dd'^v is a positive (1, 1) current with measure coefficients. First note that 
if V were of class C^, given e C§°{D), we have 

(l){dd''v f = - /" dcjyAd^vA dd% 

D J D 



dv A d'^(j) A dd'^v ~ I vdd'^cf) A dd'^v 
Id J d 

since all boundary integrals vanish. The applications of Stokes' theorem are justified 

if V is smooth; for arbitrary psh v m D with v £ L'^^{D), these formal calculations 

serve as motivation to define (dd'^v)'^ as a positive measure (precisely, a positive 

current of bidegree (2, 2) and hence a positive measure) via 

< (dd^vf^c/) >:= / vdd'^cj) Add^v. 
Jd 

This defines {dd'^vY as a (2,2) current (acting on (0,0) forms; i.e., test functions) 
since vdd'^v has measure coefficients. We refer the reader to jBTl| or |K] (p. 113) 
for the verification of positivity of (dd^w)^. Also, the use of Stokes' theorem is valid 
and hence, for simplicity, we will write < (dd^w)^, > as (/'(dd'^w)^. 

Despite the fact that L]^^{D) might appear to be the natural topology in which 
to study psh functions, work of Cegrell and Lelong (cf., [K] section 3.8) yields 
that on, e.g., a ball Z?, for any psh function v € L'^^{D), there always exists a 
sequence of continuous psh functions {vj} with Vj ^ v in Ll^^(D) but {dd'^VjY = 
for all j. In the locally bounded category, however, the complex Monge- Ampere 
operator is continuous under (a.e.) monotone limits (cf., Bedford- Taylor |BT2| or 
SaduUaev ISap. A simpler argument shows that local uniform convergence of a 
sequence of locally bounded psh functions {vj} to v implies weak-* convergence 
{dd'^Vj)'^ [dd'^vf': in case Vj,v are smooth, given G C(^{D), 

(j){dd''vj)'^ = / Vjdd^Vj A dd^cj) 
Jd 

vdd'^Vj A dd'^4> + / («j — v)dd'^Vj A dd'^4>. 
D Jd 
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The first term tends to vdd'^v A dd'^cj) — jj^ <j>{dd'^v)'^ since dd'^Vj dd'^v as 
positive (1, 1) currents; from the uniform convergence vj —^ v, the family {dd'^vj} 
is locally uniformly bounded (cf., |Saj ) so that the second term goes to zero. In 
particular, we obtain the following result. 

Proposition 1. Let K CZ C'^ be a regular, polynomially convex compact set. Sup- 
pose {un} C L^(C^) converges uniformly to Vk on C^. Then 

{dd^Unf {dd^VKf 

weak-* as measures in C^. Thus with K, {un} as in Theorem 1.1, 

[dd^Unf ^ {dd^VKf. 

The functions {Un} of Theorem 1.1 are not locally bounded, but they are in the 
classical Sobolev space W^/oc (C^)- Following [EtT] as before - but altering the final 
application of Stokes' theorem - we note that if u G W^^^ {D) for some domain D, 
and (f) G C^{D), we can formally write 

[ (jiidd^vf ^ - I dcfyAd'^vA dd^v 

J D Jd 

= - / dv hd^cjiA dd^v = - / dv A d^v A dd^cj) 
Jd Jd 
since all boundary integrals vanish. In this case, these calculations serve as mo- 
tivation to define {dd'^v)'^ as a positive measure for a psh function v in W^^^{D) 
via 

/ (fiidd^vf :=- I dvA d^v A dd^cj). 
Jd Jd 

The functions u{z,w) :— ^ log (|zp + and u{z,w) — max[log [zj, log are 

canonical examples of such functions with 

(45) {dd^uf = = (27r)2,5(o,o) 

f[D]. Corollary 6.4). More generally, if / and g are holomorphic functions near 
(0,0), an elementary calculation (cf., jBTlj . p. 15) shows that 

(46) (dd^i log (l/p + \g\'\)f = on + \g\' > 0}. 

Thus if /(0,0) = 5(0,0) = and (0,0) is an isolated zero of {f = g = 0}, in a 
neighborhood of the origin, the Monge- Ampere measures 

{dd^ max(log I/I, log |g|))', (dd^^ log (|/p + IsH))' 

are supported at (0,0). Indeed, we have 

(47) {dd^ max(log |/|, log |g|))' = {dd^^ log (l/p + \g\^\)Y = D{2t:)H(^o.^) 

near (0,0) where D is the degree of the mapping {z,w) {f{z,w),g{z,w)) at 
(0,0). For example, taking {z,w) {z,w'^), 

(dd^ilogdzl^ + H'l))'^ 2(2^)2^(0,0). 

To see how (|45|) implies (|47|) . following jBTl| . p. 16, we observe that with u(z, w) := 
i log (|zp + |wp), the form 

Lu :— d'^u A dd'^u 
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restricted to a sphere Se := {{z,w) : |zp + |wp — e^} equals 2e ^da^ where da^ 
is the volume form on Se- If we write F{z,w) :— {f{z,w),g{z,w)) and v{z,w) :— 
ilog(|/|2 + 15^1))', then 

d% A dd% ^F*uj^F* [d^u A dd^u). 

Moreover, 

j F*{e~-^da,) = 271^ D. 

Hence 

J d% A = J F*{2e~^dcj,) = in'^D. 

From 1)46(1 . {dd'^vY is supported at (0,0) and the second equality in ((47() follows. 
The first follows from Corollary 6.4 of [D]. 
Thus for our functions 

Un{z,w) = max[ilog|P„(z, w) - 1|, ^ log |(3„(z, w) - 1|], 

the Monge- Ampere measures (dd'^Un)'^ are supported on the finite point sets Kn := 
{{z,w) : Pn{z,w) = Qn{z,w) = 1}, and by the local uniform convergence of Un 
Vk off of dK ^ {pK = 0} (see ((201), given e > 0, for n > no(e), 

(48) X„ C (9X)^ := {(z, w;) : (z, w;)| < e}. 

From Proposition 3.2 of (Bj, in C^, convergence of a sequence {uj} of psh functions 
in the Sobolev space implies weak-* convergence of the Monge- Ampere 

measures {{dd'^VjY}; we will apply this result to prove Theorem 4.1. 

A simple example motivated from the one-variable example in the introduction 
illustrates the distinction between approximation by {un} and by {J7„}. 

Example. Let K — {(z,w) : |z|, \w\ < 1} be the closed unit bidisk. Then 

Vk{z, w) = max[log |z|, log \w\, 0] = max[pif (z, w), 0] 

so we can trivially take P„(z,w) = z" and Qn{z,w) = w" in Theorem 1.1. Then 
Un = Vk for all n while 

Un{z,w) = max[- log |z" - 1|, - log |w" - 1|]. 
n n 

Thus Kn consists of ordered pairs cjfe'' (^rn'^n)' .?> ^ = l,...,n where LOn = 
exp (21X1 1 n) is a primitive n— th root of unity. It is standard that 

• f ^ <" — 1 is a Fekete polynomial of degree n for the closed unit disk in C; 

• {dd^VK)^ — ddz X ddw, the standard measure on the torus T := {\z\ = 
1} X {\w\ = 1} (of mass {2Trf); 

• Un ^ Vk locally uniformly in \ if and f7„ — > locally uniformly in 
K° ~ {pk < 0}, but {Un} does not converge pointwise on T; however, 

. (dd-Un)^ ^ ^" . ^ (dd-VK)^. 

^jk 

The assumption in Theorem 1.1 that K is circled, regular and polynomially con- 
vex implies that K is balanced; i.e., {z,w) e K and A G C with |A| < 1 imply 
(Az,Aw) G K; moreover K = D where D — {(z,w) : (j){z,w) < 1} is a balanced, 
pseudoconvex domain determined by (/)(z, w) := exp pk{z, w), the Minkowski func- 
tional of D. 



HILBERT LEMNISCATE 



19 



Theorem 4.1. If K = D with D strictly pseudoconvex, then 

[dd^Unf [dd^VKf 

weak- * as measures in . 

Proof. We first note that all of the functions C/„ and Vk have the same total Monge- 
Ampere mass: 

(49) / (dd-Un)' = / (dd-VK)' = (2^)2. 

This is a standard fact about psh functions u S L+(C^); cf., [Tl. 

Using jH2j . Theorem 4.1.8, we can find a subsequence {Unj} of {L/„} with C/„^. 
U in Lf^^{C'^) for some psh U for all p E [l,oo). Since C/„ — > Vr- locally uniformly 
on \ {p/f = 0}, [/„ ^ Vr- a.e. in and sup„ |C/„| is locally integrable. Hence 
U ~ Vk and the full sequence {Un} converges; i.e., we have, in particular, that 
Un — > Vk in both Lf^^{C^) and Lj^^{C'^). From this latter convergence, Vf7„ 
converges weakly (as distributions) to WVk- Using Blocki's result, to show that 
{dd'^UnY (dd'^VK)^ weak-* as measures, it thus suffices to show that VJ7„ 
VVk in LL(C^)- Note that [/„, € Wl^^{C^) (e.g., from [El, Theorem 1.1). 

Fix a strictly pseudoconvex domain B = {{z,w) : ^{z,w) < 0} containing K 
where ip is strictly psh. We want to show that VC/„ — > VVr: in L^{B). It suffices 
to show that the norms converge; i.e., 

||V[/„|p / |V[/„|2^ / |VFkP = ||VFk|P. 

That is, by standard Hilbert space theory, weak convergence plus convergence of 
the norms imply convergence in the norm. Note that by the weak convergence of 
VC/„ to Wk (or simply Fatou's lemma) we have 

(50) liminf ||Vf/„|| > IIVF^II; 

n — *oo 

we want to show the limit exists and equals HVVr-H- 

Let Vn '■= max[[/„, 0]. From the proof of the first part of Theorem 1.1 in section 
2, Vn ^ Vk uniformly on and hence, from Proposition 1, {dd'^Vn)^ (dd'^VK)^ 
weak-* as measures on C^. By an observation of Cegrell, Vn — > Vk in VF;^'^ (C^). 
Precisely, If {uj}, u are subharmonic functions in W;^'^(M™) and Uj — > u locally 
uniformly, then uj — > u in W^^^ (R.™) . To see this, we may assume that Uj, u are of 
class and we use the identity 

iA(w2) = vAv + iVup 

for such functions. Take n' CC n CC M™ and r] e C^i^) with < < 1 and 
rj^ Ion n'. Then 

/ \V{u, -~u)f< [ ry|V(u, ~ u)f = \ [ tjA[{u^ - uf] - [ tj{uj - u)A{uj - u) 
Jn' Jn ^ Jn Jn 

< 1^ / K - + I / ^{u, - u)A{uj - u)\ 

^ Jn Jn 

<C [ {uj -u)^ + \ [ rj{uj - u)A{u, - u)\ 
Jn Jn 



20 



T. BLOOM, N. LEVENBERG AND YU. LYUBARSKII 



(here C depends on rj) which tends to zero as j — *■ oo since uj — > u uniformly on 
and Auj —^ Au as measures. 

We will work in an equivalent L^— norm using a weight function. To construct 
this function, we are assuming that K = D with D = {{z,w) : pk{z,w) < 0} is 
strictly pseudoconvex; hence exp is strictly psh and we work on the sub-level 
sets B — Bji {{z, w) : exp pk{z, w) < e^} for R > 0. For each set B we define 

ipiz, w) := exppxiz, w) — . 

The (semi-) norm in our new L^— space is 



JB 

If ^{z) — Ai|zp + A2 then ||Vu||^ = 4Ai||Vu|p; in general, due to strict plurisub- 
harmonicity and smoothness of tp, we have 

ci||Vu|| < ||Vu||^ < C2||Vm|| 

for constants Ci,C2 depending only on ip. The same argument as before gives a 
version of (|5U|) in our new norm: 

(51) liniinf ||VC/„||^ > llVVifllv,. 

n — >oo 

Now via integration by parts, we get 

dd'^ip A dU^ A d'^Un = I {-^){dd''Ur,f 



modulo boundary integrals ± /^^ dUn A d'^Un A d'^V i /as i^d'^Un A dd'^Un- Since 
■0 = on dB, this last term vanishes. Similarly, 

dd^ip A dVK A d^VK = I {-ij){dd''VKf 

JB 

modulo boundary integrals ± Jg^ dVx A d'^Vx A d'^V ± !qb i^d'^Vn A dd'^Vx] again, 
this latter term vanishes. Thus we must show that 

(52) / dUn A d'^Un Ad^i!-. [ dVx A d^Vx A d^ip 

JOB JdB 

and 

(53) / (-^)(d#C/„)2 ^ / {-i^){dd^'VKf. 

JB JB 

Using given e > 0, for n > no(e) we have {dd'^Unf is supported in {dKY, 
and 

1 - 2e - < ipiz, w)<l + 2e-e^ 

on this set so that 

(2^)2(1 - 2e - e^) < / ^/.(dd^f/„)2 < (2^)^(1 + 2e - e^). 

JB 

Since (dd'^V/f)^ is supported on dK and, from H49I) . the total Monge- Ampere mass 
of Vk is (27r)2, we have Jg{~ip){dd''VK)^ = (27r)2(e-« - 1) so that 



I j J^-ij){dd-U^Y - I i-i;){dd'=VKr\ < i27ry2e 
for n > no{e). This gives ((SSI- 
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To prove (|52(l . we observe that for any fixed R > 0, for n sufficiently large, 
Un ~ Vn on dB = OBr. Thus we may replace C/„ by Vn in H52|l . Now (dd'^Vn)'^ 
[ddf^VK)^ weak-* and the support of [dd'^VnY is compactly contained in B for n 
large so 

/ {-4'){dd'Vnf ^ / {-^j){dd'VKf ■ 
J B J B 

Since Vn ^ Vk in W^^^iC^), 



dd^ij: A A d^Vn -> / dd'^V A dVK A 
Via the previously described integration by parts, follows. 

□ 

Remark 1. If A' is not strictly pseudoconvex, if we can find K = D balanced 
with D strictly pseudoconvex and with swpp{dd'^VK)^ C K, the same argument 
works using the function ip{z, w) = expp^(2;, w) — e^. For example, for the bidisk 
K, supp(d(i^yR-)^ is the unit torus which is contained in the ball K = {{z,w) : 
\z\^ + \w\^ <2}. 

Remark 2. Let f2 be a bounded hyperconvex domain in C^; i.e., there exists 
a negative psh function ip in fl with {z G ft : ip{z) < — c} CC ft for all c > 0. 
A bounded psh function v belongs to the class £o{fl) if limz'^zv{z') — for all 
z e dil and J^{dd'^v)'^ < +oo. Finally, a psh function v 'm fl belongs to the class 
J-'(ri) if there exists a sequence of functions vj G £o{^) with sup^ J^{dd'^Vj)^ < +oo 
which decreases to v on fl. A recent result of Cegrell |Cj states the following: for a 
sequence {un} C ^{^), if u„ ^ u G ^{^) in Lj^^{Q) and if there exists a strictly psh 
function v £ £o{^) such that lim„_>oo Jq v{dd'^Un)'^ — v{dd'^u)^ , then (dd'^Un)^ 
converges weak-* to (dd'^u)^ . The sequence must lie in !F{^) in order that 

certain integration by parts formulae are valid. Note that functions in £o{fl) have 
zero boundary values; moreover, if u„ £ ^{^) then limsup^,^^ '^nl-^^') — for 
all z £ dfl (cf., 0). It might appear that (|53|l would suffice (without H52|) ') to 
prove Theorem 4.1. However, the functions C/„ do not lie in the class T{B) since 
limsup^/^^ Un{z') ^ for all z £ dB. 

As mentioned in the introduction, from Bishop's construction, one obtains the 
following result. 

Proposition 2. Let K C he a regular, polynomially convex compact set. Then 
there exists a sequence of special polynomial polyhedra where k„ is the closure 
of a union of a finite number of connected components of 

ICn ■= {(zi, ...,zn) : |P„, 1(2:1, ...,zn)\ < 1, |P„^Ar(zi, ...,zn)\ < 1} 

with {Pn,i, Pn,N} polynomials having degree n, such that the extremal functions 
{Vii^} converge uniformly to Vk and {dd'^V^,,^)^ (dd'^Vx)^ weak-*. 

However, it is not known how one can construct full component sets of the form 
ICn approximating K as we have in Theorem 1.1 using (jSJ nor how to construct 
functions u„ of the form 

1 - 1 ~ 

Un{zi, zn) := max[- log |P„, 1(2:1, zn)\, - log \Pn,N{zi, 2jv)|] 
n n 
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for some polynomials P„.i, Pn,N so that, with 

Kn {(zi, zat) : m„(2i, zjv) = -00} 
we have {dd^Un)^ is supported in Kn as in © and 

• Un ^ Vk locally uniformly in \ K\ 

• w„ -> Fif in Li„^(C^); and 



(dd^Unr ^ {dd^VKr weak-*. 



As a step in this direction, wc can achieve a partial result in C^. 

Proposition 3. Let K CZ C"^ be a regular, polynomially convex compact set. Then 
there exists a sequence of pairs of polynomials {Pn,Qn} with degPn —degQ^ — n 
such that the functions 

Vn{z,w) := max[-log|P„(2:,w)|,-log|Q„(z,w)|] 
n n 

converge to Vk in Ll^^{C'^ \ K) and —> Pk uniformly on C^. In particular, if 
K has empty interior (e.g., if K <Z M^J, then w„ — > Vk in L\^^{<C?). 

Proof. Form the Robin function pK of Vk (see section 2) and construct the regular, 
polynomially convex, circled set 

Kp -.^ {(z,w) : Pk{z,w) <Q}. 

Apply Theorem 1.1 to obtain a sequence of pairs {PmQn} of homogeneous poly- 
nomials such that if e > is given, then 

Pk{z,w) - e < max[-log|P„(z,w)|, - \og\Qn{z,w)\] < pk{z,w) 
n n 

for all {z,w) E if n > n{e). Construct 

Pn = Tch_R-P„, Qn = TcIikQu 

where, for a homogeneous polynomial Hn of degree n, 

Tchi^iJn Hn + Hn-l 

with degi?„_i < n — 1 and | |Tchxi?n| |a' < \\Hn + i?„_i||_fs- for all polynomials 
Rn-i of degree at most n — 1. By Theorem 3.2 of |b1] . 

limsup||F„||]/" < 1, limsup||Q„||]/" < 1. 

n — >-oo n — >-oo 

Thus, given e > 0, for n > n(e) we have 

max[||F„||A',||Q„||A'] < (l + e)" 

so that the the functions 

Vn{z,w) := max[-log|P„(z,w)|,ilog|(5„(2:,w)|] 
n n 

satisfy 

• vn e L{C^); 

• given e > 0, there exist N — N{e) with Vn < e on K ioi n > N{e); 

• Pvn ~^ Pk uniformly on C'^. 
This last item follows since 

Pv^ = max[-log|P„(z,w)|,ilog|(5„(2;,w)|]. 
n n 

By Theorem 2.2 of jUl], we conclude that Vn Vk in Lj^^iC^ \K). □ 



HILBERT LEMNISCATE 



23 



References 

[A] P. Ahag, A Dirichlet problem for the complex Monge- Ampere operator in T{f), preprint. 
[BTl] E. Bedford and B. A. Taylor, The Dirichlet problem {or a complex Monge-Ampere equation, 

Inv. Math. 37 (1976), 1-44. 
[BT2] E. Bedford and B. A. Taylor, A new capacity {or plurisubharmonic {unctions, Acta Math. 
149 (1982), 1-40. 

[Bi] E. Bishop, Mappings of partially analytic spaces, Amer. J. Math. 83 (1961), 209-242. 

[B] Z. Blocki, On the definition of the Monge-Ampre operator in C^, Math. Ann. 328, no. 3 

(2004) , 415-423. 

[Bl] T. Bloom, Some applications of the Robin function to multivariable approximation theory, 

J. Approx. Th. 92 (1998), 1-21. 
[B12] T. Bloom, Random polynomials and Green functions. International Math. Res. Notices 28 

(2005) , 1689-1708. 

[C] U. CcgrcU, Weak-* convergence of Monge-Ampere measures, preprint. 

[D] J. -P. Demailly, Monge-Ampere operators, Lelong numbers and intersection theory. Complex 
analysis and geometry, 115-193, Univ. Ser. Math., Plenum, New York, 1993. 

[HI] L. Hormander, An Introduction to Complex Analysis in Several Variables, Van Nostrand, 
1966. 

[H2] L. Hormander, Notions of Convexity, Birkhauser, 1994. 

[K] M. Klimek, Pluripotential Theory, Oxford, Clarendon Press, 1991. 

[LM] Yu. Lyubarskii and E. Malinnikova, On approximation of subharmonic functions. Journal 

d' Analyse Math. 83 (2001), 121-149. 
[R] L. I. Ronkin, Introduction to the Theory of Entire Functions of Several Variables, Amer. 

Math. Soc., Providence, 1974. 
[Sa] A. SaduUaev, Rational approximation and pluripolar sets, Math USSR Sbornik 47 (1984). 
[St] 11. Stahl, The convergence of Pade approximants to functions with branch points, ,T. Approx. 

Til. 91 (1997), 139-204. 

[T] B. A. Taylor, An estimate for an extremal plurisubharmonic function on C", P. Lelong-P. 
Dolbeault-H. Skoda analysis seminar, 1981/1983, 318-328, Lecture Notes in Math., 1028, 
Springer, Berlin, 1983. 

[Y] R.Yulmukhametov, Approximation of subharmonic functions. Anal. Math. 11, no. 3 (1985), 
257-282 (Russian). 

T.B.: University of Toronto, Toronto, CANADA 
E-mail address: bloomamath.toronto.edu 

N.L.: Indiana University, Bloomington, IN 47405 USA 
E-mail address: nlevenbe9indiana.edu 

Yu.L.: Norwegian Univ. of Science and Technology, Trondheim, NORWAY 
E-mail address: yuraSmath.ntnu.no 



